Apparently noninvariant terms of U(N) x U(N) nonlinear sigma model in the one-loop 

approximation 
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We show how the Apparently Noninvariant Terms (ANTs), which emerge in perturbation theory 
of nonlinear sigma models, are consistent with the nonlinearly realized symmetry by employing the 
Ward-Takahashi identity (in the form of an inhomogeneous Zinn- Justin equation). In the literature 
the discussions on ANTs are confined to the SU(2) case. We generalize them to the U(N) case 
and demonstrate explicitly at the one-loop level that despite the presence of divergent ANTs in the 
effective action of the "pions," the symmetry is preserved. 



I. INTRODUCTION 

It has been well known that perturbation theory for 
nonlinear sigma models (NLSMs) produces various types 
of apparently noninvariant terms (ANTs), when "pion 
fields" are introduced. In a previous paper [l|, we classi- 
fied them into two kinds: the first kind of ANTs refers to 
those that are quartically divergent and do not vanish in 
the zero momentum limit. It is well understood that the 
contributions from the Jacobian cancel them 0, H, H|. 
(In the dimensional regularization scheme, this kind of 
terms and the contributions from the Jacobian are both 
absent.) 

The second kind [1, i, 0, i, H is more subtle. They 
are also divergent, but do vanish in the zero momentum 
limit. They appear even with dimensional regularization, 
but cannot be absorbed by symmetric counterterms [D, 
9]. In Ref. we employed lattice regularization and 
investigated the second- kind ANTs. We have shown that 
the ANTs emerge despite the manifest symmetry present 
in the lattice formulation and that they have nothing 
to do with the Jacobian, which is well defined in this 
formulation. The appearance of the second-kind ANTs 
are thus consistent with the symmetry of the NLSM. In 
the following, we concentrate on the second-kind ANTs 
and refer to them simply as ANTs. 

Natural questions are: why do ANTs emerge? How 
are they consistent with the symmetry? In the present 
paper, we answer these questions. 

In order to consider the symmetry and to investigate its 
consequences, it is useful to employ the Ward-Takahashi 
(WT) identity for the effective action. The invariance un- 
der the transformation of the fields, collectively denoted 



as 4>{x), 4>(x) — ► 4>{x) + S(p(x), can be expressed as 



d 4 x(5r(x))-^rk = 0, 
x v " 5ip a (x) 



(1.1) 



where, T[ip] is the effective action for the classical field 
ip a {x) = {r{x)). 

A crucial observation is that in general (5<f> a (x)) is 
not equal to 5ip a (x) for a nonlinearly realized symmetry. 
Thus at the quantum level, the symmetry transformation 
for ip is different from the defining transformation law for 
the quantum field <f>. 

From this observation, it is obvious that the appear- 
ance of ANTs is not a phenomenon particular to NLSMs, 
but is a general feature of the theories with nonlinearly 
realized symmetry. 

To treat nonlinear transformations, we introduce an 
external field that couples to 5(j), as Zinn- Justin [l(| did 
for the BRST symmetry of nonabclian gauge theory. The 
difference between the present case and the BRST case is 
that the BRST symmetry is nilpotent while the present 
symmetry is not. Thus, the resultant WT identity has 
an inhomogeneous term in the present case. 

Furthermore, in order to express the WT identity in a 
compact form, we need to make a special choice for the 
"pion" fields. In the case of SU{2) x SU(2) NLSM, a 
useful parameterization of the field U(x) £ SU(2) is 

1 



U(x) = [a(x) +if -7f(x)] , <t(x) = \JF 2 - =k 2 (x). 

(1.2) 

Under the infinitesimal SU(2) x SU(2) transformation, 
these fields transform as follows. 



Sa = —[3 ■ 7?, 

5tt = —a x 7? + (3a, 



(1.3) 
(1.4) 
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where a and /3 are parameters for the vector and the 
axial-vector transformations. The point is that a finite 



2 



number of fields (w and a in the present case) form a 
closed set under the transformation (i.e., a multiplet), 
in the sense that they transform mutually among them. 
This property is absent for a generic parameterization. 
For example, in the case of the exponential parameteri- 
zation, U(x) = exp(ir • T{(x)/F), the axial-vector trans- 
formation law for the so-defined pion field introduces an- 
other operator £ ab = tr [^U^^U + T a r 6 ] , 

STT a = ^/3 b £ ab . (1.5) 

If one transforms £ ab , the result cannot be expressed as a 
linear combination of tt and £ ab , and introduces another 
operator. No finite sequence of this procedure does form 
a closed set under the axial-vector transformation. 

A special parameterization such as Eq. (|1.2|) for the 
SU(2) x SU{2) case is desired also for a general group, 
but it is not obvious to find one for a group other than 
SO(N). (Note that SU(2) x SU(2) « SO(4).) 

In this paper, we consider U(N) x U(N) NLSMs and 
formulate the WT identity in the form of an inhomogc- 
neous Zinn- Justin equation 1 . By using it, we investigate 
how the WT identity is satisfied despite the presence of 
ANTs in the one-loop approximation. We determine the 
form of the divergent part of the ANTs to all order in 
ip. We also show that ANTs of the six-point proper ver- 
tices (the 1PI parts of the amputated connected Green 
function) do not vanish on shell. 

Several comments on the literature are in order. 

(i) Tataru @ calculates the effective action for the 
SO{N) NLSM and shows that the ANTs are propor- 
tional to SS/Sip at the one-loop level, where S is a clas- 
sical action. It implies that there is a field redefinition 
that eliminates ANTs. It thus implies that the ANTs do 
not contribute to the S matrix elements in the one-loop 
approximation. 

(ii) Appelquist and Bernard @ emphasize that the 
ANTs can be eliminated by a field redefinition and thus 
the symmetry is not lost. They however do not examine 
the WT identity. Their statement may be translated as 
follows in terms of the effective action: let us assume that 
the field f(x) can be expressed as a function of a new field 
if' and its derivatives 2 , ip = ip(ip',d(p\ ■ ■ ■)■ Their state- 
ment is that, with a suitable choice of <p', the effective 
action in term of ip' , 

rV] = mi^ww,-)' (i-6) 



1 For a small value of N, e.g., N = 2 or 3, there are nontrivial 
relations which reduce the number of independent terms to be 
discussed in this paper. It however does not affect the main 
conclusions. 

2 The definition of the new field must involves the derivatives be- 
cause Tataru actually shows that the existence of ANTs is inde- 
pendent of the choice of parameterization. A redefinition of the 
field without derivatives just gives another parameterization. 



is invariant under the naive transformation law 3 for f' a , 

/**V^)S?=0. (1.7) 
J <p' \x) 

Note that, unlike the field ip, the new field ip' does not 
have a direct connection to the quantum field <j>, and 
thus the relation between (|1.1[) and (|1.7p is obscure. The 
definition of the new field in terms of the old one may be 
found only after calculating the ANTs. 

(iii) Brezin, Zinn- Justin, and Lc Guillou [TTj consider 
the SU(2) x SU(2) NLSM in 2 + e dimensions. They ex- 
amine the symmetry with the help of the inhomogeneous 
Zinn- Justin equation. In this respect, their work is very 
close to our present work. As they noted the use of the 
special parameterization (|1.2[) is essential for the formu- 
lation of the Zinn- Justin equation. In two dimensions, 
the NLSM is renormalizablc if the Lagrangian does not 
contain the higher derivatives of the fields than two. In 
such a case, the field redefinition that eliminates ANTs 
does not depend on the derivatives and is nothing but a 
usual wavefunction renormalization. They can also ob- 
tain the most general form of the ANTs in this case. But 
it is a very special situation. If one includes more deriva- 
tives in the Lagrangian, the theory is not renormalizablc, 
and the field redefinition inevitably involves derivatives. 
See also Ref. [H|. 

(iv) Recently Ferrari and his collaborators [HI, 0, HE 
EH discuss the SU{2) x SU{2) NLSM in perturbation the- 
ory based on a local functional equation, which is noth- 
ing but the Schwinger-Dyson equation in the functional 
form. Although our work looks similar to theirs in the 
respect that both utilize functional identities, there are 
important differences between them. First of all, they 
try to construct a theory with only two constants, while 
we regard the NLSM as an effective field theory, that is, 
a nonrenormalizable theory with infinitely many higher 
dimensional operators. Secondly, their functional iden- 
tity is a local one, while our analysis is based on the 
usual WT identity for rigid transformations. Thirdly 
(and perhaps most importantly), they subtract ANTs 
as well as symmetric divergences, while we only subtract 
divergences occurring in apparently invariant terms keep- 
ing the ANTs intact. 

We consider the loop- wise expansion in order to exam- 
ine how the WT identity is satisfied. At the tree level, the 
effective action is nothing but a classical action, and the 
invariance is trivial, irrespective to the number of deriva- 
tives it contains. ANTs emerge only in loop corrections. 

For an effective theory with infinitely many terms with 
an increasing number of derivatives, it is impossible to 
calculate all the one-loop corrections. Fortunately, how- 
ever, because of the chiral symmetry, the NLSMs admit 



3 The naive transformation law for the classical field means that it 
transforms in the same way as the corresponding quantum field. 
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a derivative expansion [l?], [HI- To 0(p 4 ), to which or- 
der the one-loop corrections start to contribute, there are 
only a finite number of independent operators. 

Although the main result of the present paper is the 
clarification of the consistency of ANTs with the underly- 
ing symmetry by the extensive use of the inhomogeneous 
Zinn-Justin equation in the one-loop approximation, we 
also clarify several confusing points in the literature; (i) 
The counterterms for ANTs break the symmetry there- 
fore should not be added. The resulting effective action 
contains apparently noninvariant divergences which how- 
ever do not contribute to the S-matrix. (ii) No field re- 
definition is needed to make the theory invariant, (iii) 
ANTs for the proper vertices in general do not vanish 
even on shell. 

The investigation of ANTs would have crucial impor- 
tance in the Wilsonian renormalization group (RG) anal- 
ysis of theories with nonlinearly realized symmetries. RG 
transformations generate all the terms consistent with 
the symmetry, thus ANTs as well. One needs to under- 
stand ANTs well to obtain correct RG equations. An in- 
teresting example is a Wilsonian RG analysis of the chiral 
perturbation theory with nucleons, which would require 
proper treatment of ANTs. We expect that it gives dy- 
namical explanations for nonpcrturbative aspects of the 
theory such as resonances. 

The structure of the paper is the following: In Sec. [TT1 
we introduce the special parameterization of the U(N) x 
U(N) NLSM according to Rcf. [l]|, which allows us to 
formulate the WT identity in the form of an inhomo- 
geneous Zinn-Justin equation. In Sec. IIII1 an explicit 
one-loop calculation of 0(ip 3 ) is shown, which illustrates 
how the WT identity is satisfied despite the presence of 
ANTs up to including 0(p 4 ). The exact form of the di- 
vergent part of the ANTs of the one-loop effective action 
is determined to all order in tp by using the invariance 
argument. In Sec. [V] we show that the ANTs of the six- 
point proper vertices do not vanish on shell, while the 
six-point amputated connected Green functions do van- 
ish on shell. Finally in Sec. lVIi we summarize the results. 
Appendix [X] collects some formulae for U(N) which are 
useful in simplifying the results. We present the results 
for the SU{2) x 517(2) case in Appendix [B] to compare 
them with those in the literature. 



II. WT IDENTITY FOR U(N) x U(N) NLSMS 

As we discussed in the previous section, in order to 
formulate the WT identity in the form of a Zinn-Justin 
equation, it is necessary to have a special parameteriza- 
tion of the field. Interestingly, it is possible by introduc- 
ing the "parity doublet" for parameterizing U(N) (l9j . 

Consider U{x) as 



and can be expressed by using the generators of U(N), 
Ti, (i = 0, 1, ■ • ■ ,A 2 -1): 

a(x) = 2aiT it 4>{x) = 2^T t . (2.2) 

The generators are normalized as 

tr (T i T j ) = ±6 ij , (2.3) 
and satisfy the following relations, 

[Ti, Tj] = if ijk T k , {T,, Tj} = d ijk T k , (2.4) 

where fij k is a completely antisymmetric structure con- 
stant and dijk is a completely symmetric tensor. Note in 
particular that To is proportional to the identity matrix, 



To = 



1 



-J, 



and 



fojk — 0, 



(2.5) 



(2.6) 



by 



The U(N) x U(N) transformation law for U is given 



(2.7) 



where g^ and gn are elements of U(N)l and U(N)r 
respectively. Under the infinitesimal transformation, a 
and 4> transform as 

So-t = -fijkOtjVk — dijkPj<f>k, (2.8) 
<50i = -fijkajfa + dijkf3j<Tk, (2.9) 

where a>i and Pi are the parameters for the U(N)y and 
U(N)a transformations respectively. Note that succes- 
sive transformations of Ui and <f>i can be written as linear 
combinations of <Jk and 4>k ■ 

Under the parity transformation, U(t,x) transforms 
to U'(t, — x), so that cr(t,x) to cr(t,—x) and <fr(t,x) to 
-4>{t,-x). 

For the N = 2 case, (<7o, <j>) corresponds to a and 7? in 
Eq. (|1.2[) . while (<po, —a) is its parity partner. 

In order to obtain the NLSM, one needs to impose the 
constraints. To do so consistently, we consider the path- 
integral measure. Before imposing the constraints, the 
measure should be 



VUVU^ = VaV<t>. 



(2.10) 



Here and hereafter we ignore the irrelevant normalization 
factor. The constraints we impose are 



1 



U^U = — (a 2 +i[a, t 



= 1, M]=0. (2.11) 



U{x) =j{(j{x)+i<t>{x)) 



(2.1) 



Note that these constrains are invariant under U(N) x 
U(N) transformation Eq. (|2.7|) . They arc to be inserted 
as delta functions: 



where cr(x) and <p{x) are Hcrmitian N x N matrices, 



VaV(f>6{a 2 + (f> 2 - F 2 I)S ([a, (/)}) 



(2.12) 
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The first delta function may be written as 

1 



5(a 2 + r -F Z I) = 



det [2dijkcrk{4>)] 



5 (a - a{ct>)) + 6 (a + a(<j>)) 



(2.13) 



where a (</>) = \/ F 2 — <p 2 is a matrix, and is defined as a 
power series of 4> 2 , 

a(0)= A /^^ = F-^ 2 -^ 4 + --- • (2.14) 

and since we are going to work in perturbation theory 
(i.e., in the vicinity of U(x) = /), we only consider the 
first delta function. 

The second constraint [er, <p] = is now automatically 
satisfied. Thus the measure with the constraints reduces 
to 



v<t> 



det [dijkak{4>)] ' 



(2.15) 



where we have dropped S(0) from the second constraint as 
an irrelevant constant. Since we are going to work with 
the dimensional regularization, the determinant factor 
does not give nontrivial contributions, and we ignore it 
hereafter. Our experience with the lattice calculation [l[ 
leads us to believe that this factor has nothing to do with 
ANTs. 

Note that the field U introduced in Eq. (|2.ip originally 
has 2N 2 real components but now it has N 2 real compo- 
nents: iV 2 — 1 for the Nambu-Goldstone (NG) bosons as- 
sociated with the broken SU(N)a symmetry and one for 
the NG boson associated with the broken U(1)a- If one 
wishes to incorporate the axial anomaly and the masses, 
one needs to introduce explicit symmetry breaking terms, 
as we do in the effective theory of QCD. In this paper, 
however, we do not consider such breaking terms for sim- 
plicity. 

The generating functional in Euclidean space is now 
given by 



-W[J,K] = V(j) cxp 



d 4 x (C + <7iKi)+ / d 4 x4>iJ; 



(2.16) 

where <Ji(x) is actually given as in Eq. (|2. 14|) . The La- 
grangian is now for a general U{N) x U(N) invariant 
NLSM, 



C 



F 2 



tr (d^d^U) 



(2.17) 



where the ellipsis denotes the terms with more than two 
derivatives, and U(x) is written in terms of <p{x) as in 
Eq. (|2.ip with Eq. (|2.14|) . The explicit forms of the terms 
of 0{p 4 ) will be shown in Eqs. p32j) - (|3~27l) in Sec. ED 
As usual, we introduce the effective action, 



r[<f,K] = W[J,K] + / d 4 xJ l <p 



(2.18) 



where ip(x) is the expectation value of 4>{x) in the pres- 
ence of the external fields J(x) and K(x), 



(pi(x) = 
Invariance of 



SW[J,K] 
5Ji{x) 



J.K 



T><f> exp 



- / d 4 xL 



(2.19) 



(2.20) 



under the infinitesimal axial-vector transformation leads 
to the following WT identity, 

d 4 x[(8 A cr l {x)),i K Ki(x) - {5 A (j)i(x))j, K Ji{x)] = 0. 

(2.21) 

Inserting 

{Sact^j^k = -dijkflj{(l>k)j,K = -dijkflj<Pi, (2.22) 

(Sa^)j.k = dijkfij{<Jk) j.k = dtjkPj — — -,(2.23) 

OA, 



and 



ST[<p,K\ 



(2.24) 



into the WT identity, we arrived at the following inho- 
mogeneous Zinn-Justin equation, 



4 fSr[^K}8T[ip,K} 
dijk I d x 



+ <p j {x)K k (x)J =0. 



\ SKj(x) 5<p k (x) 

(2.25) 

Note that this is not a local equation. If we consider 
a local axial- vector transformation function (3j(x), we 
would arrive at a local equation which however con- 
tains the expectation value of the divergence of the axial- 
vector current as an additional term. The additional 
term cannot be written in terms of the derivatives of 
the effective action with respect to if and K. Further- 
more, since we are considering an effective theory with 
infinitely many terms, the axial- vector current is not just 
~ tiiJJ^dfJJ — UdfJJ*) but depends on infinitely many 
terms with derivatives. We find that a local version is 
not useful. 

The effective action T[tp, K\ may have a loop- wise ex- 
pansion: 



(2.26) 



n=0 



where the zeroth order term is the classical action, 



r<°> [cp, K] = S[<p, K] = / d 4 x (£(tp) + ai(<p)Ki) , 



(2.27) 

where a(ip) is a function of the classical field, ip, with the 
definition Eq. (j2~14]) . 
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At the zeroth order (at the tree level), Eq. (|2.25|) gives 
f 4 { 6S[<p,K\5S[<p,K\ \ 

(2.28) 



\ 5Kj(x) 5tpk{x) 
With the definition Eq, (|2~27)) . it is 



(2.29) 



which just implies the invariance of the classical action, 
S[ip] = J d 4 x£(ip) under the axial-vector transformation, 
^Afi = dijkPj&kicp)- Note that in deriving Eq. (|2.29p . we 
have used 



dtpj 



(2.30) 



At the first order (at the one-loop level), Eq. (|2. 251) 
gives 



f dS[ip,K] 6TW[<p, K] 
\ SKj(x) Sip k (x) 

ST^[ip,K\ SS[<p,K] 
SK 3 (x) 5ipk(x) 



= 0. 



(2.31) 



This can be expanded in powers of the external field K. 
At the zeroth order of this expansion, we have 



dijk d x[ Oj{<p){x) 



6rW[tp, K] 



5<Pk(x) 



6Kj(x) 



K 



K=0 

SS[<p] 



0. (2.32) 



This is an important equation. The first term is the vari- 
ation of the one-loop contribution to the effective action 
rW[y)] = r' 1 ) [<p, K] | K under the naive axial-vector 
transformation. This equation tells us that the first term 
does not need to vanish. The symmetry requires that the 
sum of these two terms should vanish, but not necessar- 
ily individually. If the first term does not vanish, we see 
there is an ANT. 

Another important point is that the apparent nonin- 
variance of the one-loop contribution to the effective ac- 
tion r' 1 )^] is proportional to 5S/Sip. With the use of 
the equations of motion, r' 1 '^] is invariant under the 
naive transformation. Note that we have reached this 
conclusion without doing any explicit calculations. 

In the next section, we demonstrate the explicit cal- 
culation of r (1) [<^, K], and show how the Eq. (|2.32|) is 
satisfied for the first few terms in the expansion in pow- 
ers of ip. 



NLSM. As we explained in Introduction, we also do a 
low-momentum expansion and calculate the effective ac- 
tion up to 0(p A ). Only the vertices of 0(p 2 ) (obtained 
by expanding the terms explicitly shown in Eq. (|2.17p in 
powers of <j>) can enter one-loop diagrams at this order 4 . 



A. Preliminary: expansion in powers of ip 

We are going to show that the effective action has a 
part which are not apparently symmetric under the axial- 
vector transformation. It is useful to divide [ip, K] 
into three parts, 



^(1) r 
ITsL 



^(1) r 

ANTs I 



+ t^[<p,K\, (3.1) 



where 1^ [cp] is the apparently invariant part satisfying 



Tj O) 



6ipk(x) 



0, 



(3.2) 



and r^j Ts [</j] is the apparently noninvariant part. All the 
i4T-dependent terms are contained which 
vanishes when we set K = 0. 

There is a potential ambiguity in the separation into 
the apparently "invariant" and "noninvariant" parts. 
Even if one subtracts an invariant piece from the "invari- 
ant" part and adds it to the "noninvariant" one, they are 
still "invariant" and "noninvariant" parts respectively. 
This ambiguity does not affect the following discussion 
in any significant way. 

Let us define the momentum space quantities in d di- 
mensions as follows: 



0j(p) 
A k (p) 
Bk{ P ) 

CM 
D k (p) 



(27T) 



skA-p) 



K=0 



( 27r ) -? — rv 

0fk(P) 



(2n) d 



ST' 



(i) 

ANTs 



S^k{p) 



(2tt 

(27T) 



d 5TV>[<p,K\ 



K=0 



d SS[<p] 



Svki-p) 1 

where fi(p) and Ki(p) are defined as 
d d p 



(3.3) 
(3.4) 
(3.5) 
(3.6) 
(3.7) 



d d p 



(3.8) 



III. AN EXPLICIT ONE-LOOP CALCULATION 



In this section, we present a detailed one-loop cal- 
culation for the effective action of the U(N) x U(N) 



4 This refers to the case with dimensional regularization. In the 
cutoff scheme such as lattice regularization, the loop-wise expan- 
sion does not match the expansion in powers of momenta. 
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In terms of them, Eq. (|2 . 32[) is now written as 
dijk J W](p)B k ( P ) + C^Dkip)} = . (3.9) 
Let us expand the each quantity in powers of tp as follows: 



<7j(p) 


= «^ 




-<?f ) (p) + --- 


(3.10) 


B k (p) 


= Bf 


\p)- 




, (3.H) 


CM 


= cf 


\p)- 


vcf\ P ) + --- 


, (3-12) 


D k (p) 




\p)- 




. (3.13) 



Note that B^f \p) = 0, because, with the dimensional 
regularization, the one-loop contributions to the two- 
point function vanish when K = 0. 




<P 



FIG. 1: The graphical representation of the term explicitly 
shown in Eq. (|3.20|) . the contribution to the effective action to 
the zeroth order in K, starting with tp 4, . The blob stands for 
the vertex Ga,ij, which contains an even number of tp's. 



where Dp and G.j, arc defined as 



B. Cubic terms in ip 

The first nontrivial order in the expansion of the left- 
hand side of Eq. (|3.9p is cubic in tp, 



^y^R° ) (p) fl ? ,) (p)+^ ) (pM ,pi) (p)}- 

(3.14) 

We immediately get 



oy \p) 



-^F6 Ql (2nr6 d (p) , (3.15) 



Df\p) = p 2 tp k (p) , 



(3.16) 



where fi is an arbitrary mass scale 5 , and e = 2 — d/2. 
What we need are the terms in T^[ip,K] that are 
O(p 4 K ) and O^K 1 ). 

The one-loop contributions to the effective action 
T^[ip,K] are given as the sum of the 1PI diagrams in 
the presence of the external field tp and K. It is given by 



d d x / d d y[D- F \x,y)] %3 e-^ 



S 2 S[p,K] 



2W ~5tp l (-q 1 )5tp J {-q 2 ) 
q 2 (2n) d 6 d ( qi + q 2 )S ij - G ij (q u q 2 ). (3.18) 



Note that Gy is the field dependent part of the inverse 
propagator. 



The classical action S[tp,K] (|2.27[) consists of two 
parts; the part independent of K and the part linear 
in K . We therefore divide G^- accordingly, 



Gij(qi,q2) = G a jj(qi,q 2 ) + Gi,y(gi, q 2 ). (3.19) 



Note that the first term of Eq. (|3.17|) vanishes because 
of the property of the dimensional regularization. 

At the zeroth order in K, we have 



TW[<p,K\ = -lnDct^ 1 



d d k 1 
(27r) d ¥ 
1 f d d k 1 
4 



-TrLn^ 1 

Gu{k,-k) 



+ 0{G%), 



(3.17) 



ilnDet[D^V° 



A d d k, 

n 



1 (2^ 



-0(tp 6 ) 



-jGo^jih, ~k 2 )j 2 Goji(k 2 , —k\) 

Kj K 2 



(3.20) 



5 In going to d dimensions, the coupling constant F should be 
replaced by fi~ e F everywhere so that the mass dimension of F 
is fixed to be one. 



where Go,ij starts with the terms quadratic in tp 2 . See 
FIG. [I] 

A straightforward calculation gives the following ex- 
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FIG. 2: The graphical representation of the second term ex- 
plicitly shown in Eq. (|3.31|l . the contribution to the effective 
action to the first order in K, starting with (p 2 . The blob 
stands for the vertex Go,ij , which contains an even number of 
<p, and the square for the vertex Giji, which contains a single 
K as well as zero or an even number of ip's. 



pression for the first term, 
d i p l 



16F 4 (4tt)' 



n p 



(27r) 4 <5 4 j> n^(pi) 



k i=l J i=l 



x y-kijdki^dgjidgi^ipl +pl)(pj +pI) 

+ Zdkijdki^idgjidgiz^-dgjizdgtiJipl + pl)(p3 -Pi) 

+ 2dg Jl dg hli (dki ] d khl2 -d k u 1 d kj i 2 )(pl + p\)(pi -p 2 ) 

+ ^{dkijdki^ — dkii 1 dkji 2 ){d g jid g i 3 i l — d g ji 3 d g u 4 ) 

x (Pi -P2)(P3 - Pa) 
4 

~n d kihdk]i 2 dg 3 i 3 dgii i 



X [{pi -P4)(p 2 -P3) ~ (Pl -P3){P2 - Pi)] 

+ (finite terms) , (3.21) 

where E~ l = e^ 1 — 7 + ln47r. 

The next task is to separate the contributions which 
can be cancelled by symmetric counterterms from those 



which cannot be. The symmetric terms are already con- 
tained in the Lagrangian C{4>] in Eq. (|2. 1T[) . so that the 
addition of the counterterms is absorbed by the change 
of the coefficients of these operators. We list all of those 
terms up to including 0(p 4 ) that are invariant under 
axial-vector transformations. There are six independent 
ones; 



Hi 


= a tr (ntfnu) , 


(3.22) 


£2 


= atrfaUldpUdrUldvU), 


(3.23) 


£3 


= cati^UidvUd^dvU), 


(3.24) 


£4 


= c 4 tv(d^d^U) (d v tfd v U), 


(3.25) 


£5 


= c 5 tv(d^d„U) (dnU*d u U), 


(3.26) 


£<> 


= c 6 [tr{aU^d^U)tiid^U) 






+ ti{U^d^U) tiid^au)]. 


(3.27) 



Expanding them in powers of <j>, and comparing the con- 
tributions to the effective action with those in Eq. (|3.2ip 
with the help of the formulae given in Appendix 1X1 we see 
that we can cancel some of the divergences in Eq. (|3.21|) 
with the following values of Cj's, 



ci 



C3 



C5 



0, 



N 



N 



96(4tt) 2 
1 

16(47r) 2S 



C2 



C4 



C6 = 



48(4tt) 2 
1 

32(47r) 2i 
1 

16(4tt) 2! 



(3.28) 



for the case of MS renormalization scheme. But, im- 
portantly, there are some divergences which cannot be 
canceled by the symmetric counterterms with any choice 

oftheci's. They are ANTs, which contribute to Bj? \p). 

After adding the counterterms, we may define the ap- 
parently invariant (and finite) part of the effective action 

r(^ s [<^] of 0{p 4 ) coming from one- loop diagrams as 



J 



4F 4 (4tt) 2 



4 j4 

TT Pl 

11 (27T) 4 

.2 — 1 v J 



2 -In 



(Pl +P2? 



8 ln (Pi+Pgj 



3 fx 

The rest gives the apparently noninvariant (and infinite) part 



{dkijdkhi 2 - dkii 1 d k ji 2 ){dgjid g i 3 i i - d g ji 3 d g u 4 ){pi ■ p 2 )(p3 ■ Pi) 

d k ii 1 d kj i 2 dg J i 3 dgii i [(pi -Pi)(p2 -Pz) - (Pi ■Pz)(p2 - Pi)] > +0((p 6 ) . (3.29) 



n(l) 
L ANTs 



1 



16F 4 (4tt) 



4 j4 



d 4 pi 



(27r) 4 <5 4 (^p ? ;)f[^fe 



\i=i I i=i 



_-i 



■2 -In 



(pi +P2)' 
P 2 



x [dujdkhhdgjidgizutpl +pI)(pI +p\) + 2d klJ d kh i 2 (d gj% d a hh - d gj i 3 d gi i i )(pl+ p|)(p 3 ^4) 
+2dgj i d g i 3 i i (dkijdki 1 i 2 - d klh d kj i 2 )(pl + pl)(pi ■ p 2 )] +0(ip 6 ) . (3.30) 
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The 0((p A ) terms contribute to B^f \ 

Similarly, we can calculate the Oi^K 1 ^) terms of the 
effective action T^'lip, K}. At the first order in K, we 
have 



f 



lnDet^" 1 ]^-! 



f f d d k, f d d k 2 1 1 



+0(p i K) . 
We obtain for the second term 

f d 4 pi f d 4 p 2 f d 4 p 



(3.31) 



4^3(4^)2 J (2tt) 4 J (2tt) 4 J (2tt) 4 
x(2tt) 4 (5 4 (pi +p 2 + p)(p h {pi)ipi 2 (p 2 )K k {p) 
x (e- 1 + 2 - ln(p 2 / M 2 )) 

x [dgijdgi^p 2 - 2dgii 1 d gj i 2 (p 1 • j? 2 )] <4ij , (3.32) 



/ 2\ 

which contributes to Cj 

Now we are ready to calculate Eq. (|3 . 14[) . Noting that 

we only need Bjf '(p) at p = (because of the delta 
function in Eq. (|3.15[) ) and that only the terms with j — 
survive (because of the <5oj) and diok is proportional to 
5ik simplifies the calculation. We finally obtain for the 
first term of Eq. ([3~14)l 



Hj k 



d d P , u (v 3 )/ \ 

j—^a) >{p)Bl >(p) 

f d 4 Pl 



d 4 p 2 f d 4 p 3 



4^3(477)2 J (2tt) 4 J (2tt) 4 J (2tt) 4 
x(2tt) 4 <S 4 (pi +P2 + P3)<Ph(pi)<Pl 3 (p2)<Pi 3 (p3) 
2 - m (P3/M 2 )) d hnm d hhl 



x £ 



X [dgmndgl^pl ~ dgml^dgnlzip! ■ p 2 )] p\ ■ (3.33) 



The calculation of the second term of Eq. (|3.14[) is simpler 
and one easily finds that it is the same as Eq. (|3.33[) but 
with the opposite sign. Thus we have explicitly demon- 
strated that Eq. (|3.9|) is satisfied in 0(tp 3 ). 

We have shown that the one-loop effective action 
[ip] is not invariant under the naive axial- vector trans- 
formation. But it does satisfy the WT identity so that 
the symmetry is preserved. 



IV. DIVERGENT PART OF r^ Ts [y>] TO ALL 
ORDER IN vp 

In the previous section, by expanding T[ip, K] in pow- 
ers of (p up to including 0(<p 4 ) and O^K 1 ), we obtain 



ANTs L 



to 0((p 4 ). But the invariance expressed by the 
Zinn-Justin equation is actually more powerful; it deter- 
mines the form of the divergent part (i.e., the part that 

is proportional to e _1 ) of Ij^j Ts to all order of <p. The 
following construction originally appears in Ref. [ll| . It 



is similar to the analysis done by Ferrari and Quadri (l4| 
for the case of SU{2) x SU{2 ). 

Let us return to Eq. (|2.31[) . It can be written as 

s i rW[<p,K}=0, (4.1) 
by introducing a differential operator Sj, 



= dijk J d d x y a j( x ) j~^ ~ H k {x) 



SKj (x) 



where Hk is defined as 
5S[<p t K\ 



(4.2) 



H k (x) 



5<pk(x) 



&%] 



d d V^K l{y ) . 



dipk(x) 



Since r^J^] satisfies 



we have 



(r« T >] + f«[v>,*r]) =o 



(4.3) 
(4.4) 
(4.5) 



In the following, we discuss only the divergent parts, 
that is, the local functionals of ip and K. 

An important observation is that K and H transform 
in the same way as a and p do : 



SiKj 
SiHj 



Si<Pj 



dij k H}z , 
dijkKk , 

—dijk<Pk j 
: dijk(Jk ■ 



(4.6) 



(4.7) 



Invariants are most easily formed in terms of U = (cr + 
ip)/F. In the same way, we introduce 

L = -i (K + iH) = % {Ki + iH t ) Ti , (4.8) 
r r 

and form invariants in terms of U and L. Note that L 
has the same property under parity as that of U . 

We remark that the divergence of the effective action 
occurs in the terms at most quadratic in K in the one- 
loop approximation. To represent them, therefore, we 
only consider the invariants at most quadratic in L. We 
also remark that the vertices containing K do not involve 
derivatives, thus the divergent part of the effective action 
quadratic in L does not involves derivatives, cither. 

There are five independent invariants contributing to 

r ANT S [v] + fWfopjlT] up to including C(p 4 ) and C(^ 4 ) 
when expanded and consisting of U and L, 



Oi 


= tr(L f L), 


(4.9) 


o 2 


= i[tr(^L) + tr(Lt[/)] 2 , 


(4.10) 


(h 


= - [tr(D?7 + £) + tr(L t D[f)] , 


(4.11) 




= 1 trid^d^U) [tr(U*L) + ix(L*U)] 


,(4.12) 




= X - [tr(rfd„U) - tT(d^U)) 





x [tr(0„Z7tL) - tr(Lt^[/)] , (4.13) 
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besides the ones consisting only of U listed in Eqs. (|3.22|) 

- (320 ■ 

One might think that there should be more invariants 
which start with tp 6 when expanded, but because of the 
constraint WU = I, such an invariant requires at least 
six derivatives; there is no other invariant than Oi (i = 

1, • • • , 5) to this order. Thus r^ Ts [p] + f W [tp, K] can 
be expressed as a linear combination of the integrals of 
these invariants. 

By comparing the 0{tp ) and 0(ip 2 K) terms with 
Eqs. (|3.30p and (|3 . 3 1[) . we can determine the coefficients. 

We can determine the divergent part of I^ants + 
T^- 1 ' [tp, K] to all order in tp as, 



div 



8(4tt) 



By setting K 
to SS/Stp, 



d d x [7V(Oi - 3 ) + 2 + 4 - 20 5 ] . 

(4.14) 

; 0, we see that L is then proportional 



L 



2i 5S 



Ti . 



(4.15) 



,(i) 



We therefore see that the divergent part of r^ NTsL 
proportional to SS/Stp. 

It is well known [2(| that the part of the one-loop ef- 
fective action that is proportional to SS/Stp does not con- 
tribute to the S-matrix elements, due to the "equivalence 
theorem |2l|" That is, ANTs of the amputated connected 
Green function (ACGF) vanish on shell. 



SIX-POINT FUNCTIONS 




r 4 



E 

perm. 



W 2 



r 4 



FIG. 3: The graphical representation of the right hand side 
of Eq. (|5.6[) . A solid circle stands an amputated external line 
and the solid line for the full propagator, W pa , abbreviated 
as Wi- The gray blobs stand for the proper vertices. Te is 
the abbreviated notation for T a ,... ac , and F4 for T a . a . a . „ 



The sum is taken over the permutation of 



and T a a . c 
the external lines. 



part of the one-loop effective action to all order in tp, we 
are ready to examine the n-point functions with n > 6. 

We first show that the ANTs of the six-point proper 
vertex do not vanish on shell. Because we are interested 
in the proper vertices in the absence of K, we set K = 0. 
By expanding Oi (i = 1, • • • ,5) in terms of tp, we see 
that the contributions from Oi, O3 vanish on shell. The 
0(<p e ) part of 0\ is given by 



pi dgjh dgi 2 i 3 dhji 4 dhi 5 i e 

. (5.1) 

up to the terms proportional to □</?;, which vanish on 
shell. Similarly, from O4 and O5, we have the contribu- 
tions that do not vanish on shell, 



There seems to be a little confusion about the "use of 
the equations of motion," SS/5ip = 0, and the "on-shell 
condition," pf = 0. Some authors use them interchange- 
ably. But they are essentially different. ANTs of the 
one-loop effective action vanish by the use of the equa- 
tions of motion. 

One might think that it implies that the ANTs con- 
tained in the n-point proper vertices generated by the 
effective action also vanish on shell. But this is not the 
case. 

It is not the n-point proper vertices, but the ACGF 
whose ANTs vanish on shell, because of the equivalence 
theorem. 

For the four-point functions, however, the difference is 
not seen; the proper vertex coincides with the ACGF in 
the one-loop approximation. Thus ANTs of the proper 
vertex happen to vanish on shell. See Eq. (|3.30p . 

It is therefore interesting to examine the six-point func- 
tions because the difference between the ACGF and the 
proper vertex first appears in the six-point functions at 
the one-loop order. Since we have obtained the divergent 



F ^di j kdii m (p j pkd fJ .ipid ll p m (d v ipg) 2 , (5.2) 



1 N 



F 2 V 2 



di,jk,i m <Pjd l j,(pktpid v (pid„(p m d IJ ,(po, 



(5.3) 



respectively, where d it jk,lm stands f or d ig h d gjk d h i m . Sub- 
stituting these contributions in Eq. (|4.14p , we see that the 

divergent part of r^ Ts [tp] contains 



8F 6 (4tt) 2 



d 4 Pi 



6 \ 6 



(27T) 4 * 4 5> )U<Piu(Pk 



,i=l / k=l 



xd 



(Pi -P2)(P3 - Pi) 



(5.4) 



that gives rise to the nonvanishing contribution to the 
six-point proper vertex. Here we have introduced another 
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notation, 



Ndgi 1 i 2 6^/12324 {^gki^ ^hkie ^gkiz^hkie) 
-\- '2dki5ie^kiii2^i3i4 ^£2324 ^2122 ) 

In, 



-"2 6 , 21 20,14(5 



5)^40 
2*5)^10 



,»1«2,J4«6 ~l 
+ (<^25, 2122,2326 

)S i2 o}. (5.5) 

Thus, we have established that the divergent part of 
ANTs in the six-point proper vertex does not vanish on 
shell. 

We will show that ANTs contained in the six-point 
ACGF do vanish on shell. In an abbreviated notation, 
the six-point ACGF is written as 

ra 1 /3 1 r a2 2 r a 3^ 3 r Q , 4/ 3 4 r a , 5/ 3 5 r Q6/36 w' / 3 1/ 3 2/ 3 3( 3 4/ 3 E/ 3 6 
— ± 01x020301405013 

+ (Ta 1 a 2 a3pFa 4 ,a & a 6 a + 9 similar terms) W pCT ,(5.6) 
where W aia 2 - a n is a connected Green function, 

S n W[J] 



W aia2 ...o n = (-1)' 



J=0 



f d d P f 
J (2tt)<* J 



d d k 

(27r) d J {2n) d 
-{2n^ d 



(27T) 



4</ 



where W[J] = W[J,K = 0] and T aia2 ... an is a proper 
vertex, 



8 n T\ 



Stp ai ■■■Sipc 



(5.8) 



tp=0 



Note that because the invariant terms are made finite by 
the addition of the invariant counterterms, the divergent 
parts of the both sides of Eq. (|5.6p come only from ANTs. 

The assertion is that, despite the nonvanishing diver- 
gent part of ANTs in one-loop contributions to the first 
term in Eq. (|5 .6[) on shell, the sum does not contain such 
ANTs. Note that the tree contributions of course do not 
contain ANTs. 

In the one-loop approximation, the propagator W pa is 
the free one thanks to a property of dimensional regular- 
ization. In the product r QlQ2Q3(3 r ct4Q;5QE . CT one of the two 
T's must be the one- loop contribution while the other 
must be the tree one. Thus the noninvariant divergent 
contributions to the T aia2 a3p^a i a 5 a (i aWp a in the one- 
(5.7) loop approximation contain the following divergent part, 



5 i r 



5ip h (qi)Sip i2 (q2)S(p i3 {q 3 )S(p J (p) 



(27T) 



id 



.(1) 
ANTs 



dtpu (qi)8<Pi 5 (<?5)^2 6 (Qe)Sipk (k) 



-(27T) 



id 



6ip h (qi)Sip i2 (q2)Stp i3 (93)1% (p) <Vi 4 (94)^25 (9s)^2 6 {q&)5fk (fc) 



{2n) d 6 d (k+p)6j k 



ip=0 



k 2 



MisiM-i- ■ ?2)(?4 ' 95) + ^242223 ,ui6i5(9l ' 92)(?4 ' 96 ) + <kii 



i(9i ' 92)(95 • 9e) 



■^212322,242526 



+d 



(91 ' 93)(94 • 95) + diii 

(92 • 93) (94 ■ 95) 



'"'2 '3il ,44«6« 



15(91 ' 93) (94 ' 96 J + "212322,15*6*4 

5(92 ■ 93)(94 • 9e) +rf 



(91 ' 93) (95 ' 96 ) 

(92 ■ 93)(95 ■ 9e) 



(terms those do not contribute on shell), 



(5.9) 



where we introduce 

di 1 i 2 i 3 , 242526 

= dgijdn 1 i2di 3 lk(dfiijdhi 4 i 5 dhii^dfiji^diQgk 

+ («1«2«3 «4«5«6)- (5.10) 

Note that, with the help of the formulae given in Ap- 
pendix [SI one can show that 

di ± i 2 , 2324, 2 5 26 = di ± i 2 i 5 ,i 3 i 4 i 6 + di 1 i 2 i 6 .i 3 i i i 5 , (5.11) 

which is useful in the following demonstration. 



In a similar way, we can calculate all the divergent 
terms contained in 



(r«i 



r 

020 3 pL 0405c 



3Cr + 9 similar terms) W pa (5.12) 



at one-loop that do not vanish on shell. There are 90 
similar terms to 

2s- 1 , 



hi e (qi ■ 92X94 • 95)- 



(5.13) 



On the other hand, the differentiation of Eq. (|5.4f) with 
respect to ip six times produces 6! = 720 terms but every 
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16 (= 2 4 ) terms are actually identical. (Note the symme- 
try under the interchange of the indices, i\ <-> i%, i 3 <-> i 4 , 
is *6 5 and (11*2) ^ (^3*4) of the representative term 
(pi-P2)(P3-P4)-) Thus we have 45 (= 720/16) 



similar terms to 



F 6 (4tt) 



2 "*lt2)t3»4,iB*6 



(91 • 92X93 • 94)- 



(5.14) 



Now substituting Eq. (|5 . 1 1 [) . we see that the divergent 
terms in the first term of the right hand side of Eq. (|5.6j) 
is exactly equal to those in the second term with the 
opposite sign. Thus we have shown that the divergent 
terms cancel in the ACGF on shell. 



VI. SUMMARY 

In this paper, we have explained why ANTs emerge in 
theories with nonlinearly realized symmetry. The naive 
variation of the classical field tp under the symmetry is in 
general not equal to the expectation value of the variation 
of the quantum field <fi, so that the effective action T[tp) 
is not invariant under the naive variation of tp. In this 
respect, the emergence of ANTs is not limited to NLSMs. 

We have formulate the WT identity as an inhomogc- 
neous Zinn-Justin equation for the U(N) x U(N) NLSMs 
to investigated the nature of ANTs. We have shown that 
ANTs are consistent with the symmetry. 

An explicit one-loop calculation is presented for the 
four-point functions. We then determine the diver- 
gent part of the ANTs in the one-loop effective action, 



.(i) 

ANTs 



[tp], to all order in tp. 



It is shown that the divergent part of the ANTs in the 
six-point proper vertex does not vanish when the exter- 
nal momenta are all set to be on shell, in contrast to 
the four-point proper vertex, whose divergent part of the 
ANTs vanishes on shell. We have shown that, despite 
its presence in the proper vertices, ANTs contained in 
the six-point ACGF do vanish on shell. We believe that 
higher-point ACGF also have this property. 

Note that we do not subtract divergences in r^ Ts [ip] ; 
the introduction of noninvariant counterterms cause the 
violation of the original symmetry. Even though they 
are divergent, ANTs do not contribute to the S-matrix 
elements after all. It provides an example where the ef- 
fective action is divergent while the S-matrix elements 
are finite. 

We expect that similar properties hold even in higher 
order in the loop-wise expansion. 



APPENDIX A: SOME USEFUL FORMULAE FOR 

U(N) 

In this Appendix, we summarize some formulae for the 
symmetric tensor dak jwhich are used in the loop calcu- 
lations. Sec Refs. [22, 231 for the details. 



We consider the U(N) generators as N x N matri- 
ces, Ti (i = 0, 1, • • • , N 2 — 1), satisfying the relations in 
Eqs. (HI, (E3J), and (1231) . 

By considering the Jacobi identities, 

[[Ti,Tj],T k ] + [[Tj,T k ],Ti] + [[T k ,Ti],Tj\ = 0, (Al) 
[{Ti, Tj}, T k ] + [{T^ T k }, Ti] + [{T k , T t }, Tj] = 0, (A2) 
[T k , [Ti,Tj]] = {Tj, {T k ,Ti}} - {T, {Tj, T k }}, (A3) 

wc find the following relations between fijk§ and d^'s, 



filmfmjk H - fjlmfimk H~~ fklmfijm ~ 0i 
filmdmjk H~ fjlmfimk H~ fklmfijm 0i 
fijmfklm ^ikm^jlm ^jkm^ihn 0* 

From them one can derive useful relations. 
Let us introduce iV 2 x iV 2 matrices, (Dj)^, 



Hjki 



which satisfy 



tr(DiDj) = N{Sij+Si 5j ), 

N [N 
tr(A-Dj-Dfc) = —dijk + ^—iSioSjk + SjoSih 



13 J' 



(A4) 
(A5) 
(A6) 



(A7) 
(A8) 
(A9) 



A 



tr(DiDjDkDi) — —{dij m d m ki~fij m fmki) 

+ ^{SijSki + SikSji + SuSjk) 



'2N 



{biodjki + Sjodiki + Skodiji 



+ Smdijk). 



(A10) 



They are used in reducing the result of Eq. (|3.2ip in a 
compact form for the comparison with the local terms 
listed in Eqs. (HH]) through (|3~27|) . 



APPENDIX B: 5*17(2) x SU(2) CASE 

In this Appendix, we present the results for the 
SU(2) x SU{2) case. Because of the extra U(l) factors, 
the SU{2) x SU{2) results cannot be obtained directly 
from those for U(N) x U(N). The purpose of this Ap- 
pendix is to provide a useful reference for those who are 
familiar with the literature devoted to the SU(2) x SU (2) 
case. 

For the SU(2) x SU(2) case, the most useful parame- 
terization is given by Eq. (|1.2p . (But wc continue to use 
the notation <fi a instead of 7r a .) We consider the generat- 
ing functional, 



-W[J,K] 



J V(j> exp -J d A x (C + <tK) + J d 4 xcj) a J a 



(Bl) 
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and define the effective action as usual. The inhomogc- 
neous Zinn- Justin equation is given by 



f A J 8T[^K]5T[^K] 



0. (B2) 



The one-loop calculation for the effective action, 
rW^, K], can be done in a similar way, but the results 
are much simpler. The ii'-indcpcndcnt part contains 



16F 4 (4tt) 2 



n 



d 4 Pi 



(2tt) 4 <5 4 




x 3(p? + pI)(p 2 3 + p\) + 4(p 2 + p 2 2 )( P 3 ■ Pi) 

g 

+ 4(pl+pl)(p 1 -p 2 ) + -{pi -p 2 )(p3 - Pi) 



+ -Pi){p2 -p-i) + o(Pl -P3)(P2 - Pa) 
+ (finite terms), 



(B3) 



instead of Eq. (|3 . 2 1 [) . There are only three independent 
symmetric counterterms of this order because of the re- 
lations, 

ti(d^d^Ud^d„U) = ^[tr^C/t^C/)] 2 , (B4) 

tiid^dvUd^dvU) = Md^dvU)] 2 

1 

~ 2 

which hold for the SU{2) case, and 

ti{rfd ll U)=tr{d ll tfU)=0 



Md^d^U)] 2 , (B5) 



(B6) 



due to the tracelessness of the generators. Thus there are 
only three independent invariants, Ci, £4, and £5. By 
expanding Ci (i = 1,4,5) in (p and comparing the mo- 
mentum dependence of them with the terms in Eq. (|B3[) . 
we see that some of the divergences can be removed by 
these counterterms with the coefficients, 



ci =0, C4 = 



1 



1 



C5 



(B7) 



24(4tt) 2 ' J 12(4tt) 2 

which agree with the result Eq. (3.4) of Ref. @. (Note 
that there is a factor 2 difference coming from the differ- 
ence between their e = 4 — d and our e = (4 — d)/2, and 
the difference of signs coming from that we are working 
in Euclidean space.) 

Similarly, for the linear part in K, we have 

d A pi f d 4 p2 f d A p 



4F 3 (4tt) 2 



x(2tt) 4 <5V 



(2tt) 4 J (2tt) 4 J (2tt) 4 

+ p 2 + p)ip a (pi)<Pa(P2)K(p) 

x (e- 1 + 2 - Hp 2 If)) [3 P 2 - 2(pi • pa)] , (B8) 

instead of Eq. (|3.32|1 . The divergent part of r^ Ts [yj] + 
fW^if] up to including C(p 4 ) may be written as a 



linear combination of Oi's listed in Eqs. (|4. 9|) - (14.131) . 
where L is now defined as 



L = I 
F 



K + it ■ H 



where 



Sipa a 



K, 



(B9) 



(BIO) 



instead of Eq. (|4~i 

Because of the difference between U(N) and SU{2), 
however, not all of Oi's are independent in the case of 
SU{2). First of all, O5 vanishes because of Eq. (|B6[) . 
There are also relations among the rest. 

Consider 0\ and O2 for example. Using (|B10|) , we can 
rewrite them as 



Oo = ^ 



F 2 K 2 



(T- 

4^2 



C7-" 



2-ifaSa + S 2 

a 



- 2^—<Pa,S a + (<PaS a ) 2 



(Bll) 
,(B12) 



where we have introduced the notation S a = dS[(p]/Sip a . 
The combination 



2 

751 



Ol - -O2 = [F 2 S 2 a - {(p a Saf 



(B13) 



is independent of K. In fact, they are invariant under 
the axial-vector transformation SU(2)a as we are going 
to show. Note that the infinitesimal generator now takes 
the form 



s a = [ d d x \a{x) - H a {x)- 

J \ 5ip a {x) ( 



5K(x) 

Applications of s a to S and {ipbSb) give 

F 2 



S a Sb 



Yb 



S a , S a (tp b S b ) 



so that 



s a [Oi- -0 2 



0. 



(B14) 



(B15) 



(B16) 



It means that, modulo invariant terms consisting only of 
U, Oi is equivalent to 2 /2. 

Similarly we can rewrite O3 and O4 as 



°3 = pS 



K 

(crDcr + tp a Uip a ) S a Op a 

a 



F 4 

thus the combination 
2 



F 2 K 



IfiaSa 



(B17) 
(B18) 



3 + O4 = 



F 2 S a U Va + {(d^a) 2 + (d^a) 2 ) VbS b ] 

(B19) 



13 



is K independent and is invariant under SU(2)a, 

s a (0 3 + 4 ) = 0. (B20) 

It means that, modulo invariant terms consisting only 
of U, O3 is equivalent to — O4. Thus we have shown 
that there are only two independent ones, O2 and O4, 
for example. 

The divergent terms of r^ Ts [ip] +f W [ip, K] can be ex- 
pressed as a linear combination of the independent ones, 

\ / div. 



1 



16(4tt) 2 



d d x [30 2 + 8O4] , (B21) 



which corresponds to Ec 
results in the literature li 



This agrees with the 
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